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Abstract. We study the geometry of a spacetime having a wormhole in the context of
general relativity and find new static and spherically-symmetric solutions, exact and numerical
ones. The spacetime consists of anisotropic matter. We specify the existence condition for
a wormhole throat. We analyze properties of the solutions after categorizing them based on
the spacetime regularity and signature of energy density. We describe the physical conditions
that make the spacetime nonsingular.
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1 Introduction
Wormhole spacetime is a solution of general relativity [1–3] which differ from other solutions
such as massive stars and black holes. The key difference is the topology. Two asymptotic
regions are connected by a passage called a ‘throat’. Since general relativity is a local theory, it
does not tell what the topology of whole spacetime should be and does not exclude wormhole
spacetimes.
Although wormholes are genuine solutions of general relativity, the study of wormholes
had not drawn much interest of researchers until recently. The main reason is that the
existence of wormhole requires violation of energy conditions, which are strong requirements
to matter based on human intuitions on ordinary classical matter. To pass a ‘throat’ of a
wormhole, the geodesics of light bundle converge and then diverge which requires ‘exotic’ or
‘phantom’ matter having negative energy density [2, 4]. Another reason is that this unique
topology obscures many previously accepted concepts. One may construct a time machine [2,
5], may have ‘charge without charge’ [6] and the ADM mass measured in one side of the
wormhole may not be identical to that in the other side [5, 7].
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Despite of this pathology, researchers in this field have studied wormholes as physical
objects in the hope of future resolution of energy conditions. Recently, an attempt to construct
‘phantom free models’ was suggested [10] while others have tried to get around the pathology
by constructing a wormhole using ‘ordinary’ matter in modified theories of gravity [11–15].
On the other hand, in quantum world, many examples were found which allow the violation
of energy conditions. Casimir effect [8], negative energy region of squeezed light [9] and the
dark energy are the most prominent examples. Therefore, it is possible to accept the violation
of the energy condition for a special circumstance in general relativity.
Recently, wormholes have drawn interests as a test-bed to understand quantum en-
tanglement. A non-traversable wormhole is regarded as a pair of entangled black holes in
‘ER=EPR’ conjecture to understand the information paradox [16]. Traversable wormholes
have been also suggested to have physically sensible interpretation of the conjecture [17]. The
study of wormholes as physical entities in understanding the quantum-gravity era is getting
more important than ever at this juncture.
Our purpose in this paper is, as a preliminary step, to categorize nonsingular wormhole
solutions and study the characteristic features of those solutions to attain more clear grasp of
the physical aspects of wormholes. We focus on static, spherically symmetric traversable
wormholes which consist of anisotropic matter in the context of general relativity. The
anisotropic matter we are considering here satisfies linear equation of state throughout the
entire space. Hence isotropic perfect fluids are a special case of our study. Although the
anisotropic matter is distributed throughout the entire space, one can obtain a spacetime
of desirable asymptotic properties or of minimal ‘exotic’ matter with appropriate junction
conditions to match a truncated solution of us [18].
Traditionally a wormhole solution is obtained by assuming a well-behaved wormhole
metric first and calculate the Riemann tensor to get an appropriate stress-energy tensor for
matter field afterward [19]. On the other hand, in this work, we begin with the specification
of the matter satisfying a given equations of state and then solve Einstein’s equation. After
that, we find out the condition for a wormhole solution to be nonsingular over the whole
spacetime. We also analyze the properties satisfied by the general solutions and categorize
them into six types based on the spacetime regularity and signature of energy density.
The existence condition and properties of nonsingular wormhole solutions are discussed
in Sec. 2. Analysis of general solutions is in Sec. 3 where behavior of solutions around
special points such as points at asymptotes, the ‘throat’, the bouncing point will be analyzed.
Numerical solutions are also presented in Sec. 4 and a few exact solutions are presented in
Sec. 5. Properties of a specific solution with the case 1+w1+2w2 = 0 and of limiting solutions
are discussed in Sec. 6. Finally, we summarize the results and discuss the properties of the
solutions and suggest future works to be done in Sec. 7.
2 General Properties and Existence Conditions
For simplicity, we consider the static and spherically symmetric configurations. The stress
tensor for an anisotropic fluid compatible with the spherical symmetry is given by
Tµν = ρuµuν + p1r
µrν + p2(θ
µθν + φµφν), (2.1)
where ρ is the energy density measured by a comoving observer with the fluid, the vectors
are mutually orthogonal and uµ is its four-velocity and rµ is radial and θµ, φµ denote the unit
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angular vectors, respectively. As we mentioned above, the radial and the angular pressures
are assumed to be proportional to the density:
p1 = w1ρ, p2 = w2ρ, (2.2)
with constant w1 and w2. We focus on a static-spherically symmetric configuration of which
the line element1 is given by
ds2 = −f(r)dt2 + 1
1− 2m(r)/rdr
2 + r2dθ2 + r2 sin2 θdφ2. (2.3)
2.1 Tolmann-Oppenheimer-Volkhoff equation
The Gtt part of the Einstein equation defines the mass function m(r) as,
m(r) = 4pi
∫ r
r′2ρ(r′)dr′, (2.4)
where an integration constant is absorbed into the definition ofm(r). The continuity equation
∇µTµν = 0 yields the Tolmann-Oppenheimer-Volkhoff (TOV) equation for an anisotropic
matter,
p′1 = −(ρ+ p1)
m+ 4pir3p1
r(r − 2m) +
2(p2 − p1)
r
. (2.5)
Here the prime represents a derivative with respect to r.
Then gtt part of the metric, or f(r), can be obtained in two different ways. From the
relation Gtt = 8piTtt we have
f ′
f
=
2(m+ 4pir3p1)
r(r − 2m) . (2.6)
The equation can be directly integrated to give
f(r) = f˜0
(r − 2m)−w1
r
exp
[
(1 + w1)
∫ r
r0
1
r − 2m(r)dr
]
, (2.7)
where f˜0 is an integration constant. Note that w2-dependence in (2.7) will be restored when
m(r) is expressed explicitly. The sign of f˜0 will be chosen so that the signature of the metric
be Lorentzian because the Einstein equation does not determine the sign of f(r). On the
other hand, the anisotropic TOV equation (2.5) with the equation of state (2.2) reads
ρ′
ρ
= −1 + w1
2w1
f ′
f
+
2(w2 − w1)
w1
1
r
.
After integrating one gets,
f(r) = f0
( r
r0
) 4(w2−w1)
(1+w1)
( ρ
ρ0
)− 2w1
1+w1 , (2.8)
where r0 and ρ0 is some referential values of size and density to be identified later and f0
should be determined by matching f(r) at r = r0 with Eq. (2.7). We have two forms of f(r),
(2.7) and (2.8), and both are useful for later considerations.
1Because we deal with spherically symmetric situation, many parts of the calculation in this section overlaps
with those in Ref. [20]. Therefore, we leave only the main results.
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The remaining task is to find the explicit form of m(r) by solving the TOV equation2.
With respect to m(r), using Eqs. (2.2) and (2.4), the TOV equation becomes,
m′′
m′
= −1 + w1
2w1
1 + 2w1m
′
r − 2m +
1 + w1 + 4w2
2w1r
, (2.9)
where we use ρ′/ρ = m′′/m′ − 2/r. Equation (2.9) does not allow an analytic solution in
general. However, the above relation can be cast into a first order autonomous equation in a
two dimensional (u, v) plane:
du
dv
=
−1
1 + w1
(1− u)(2v − u)
v [v − vT + s(1− u)] , (2.10)
where u and v are scale-invariant variables defined by
u ≡ 2m(r)
r
, v ≡ dm(r)
dr
= 4pir2ρ. (2.11)
The metric gtt can be reconstructed from v via Eq. (2.8) and grr from u respectively.
The constants vT and s represent the value of v at the wormhole ‘throat’ and the slope
of the line v − vT + s(1− u) = 0, respectively,
vT ≡ − 1
2w1
, s ≡ −1 + w1 + 4w2
2w1(1 + w1)
. (2.12)
2.2 The existence condition for a wormhole ‘throat’
Assume that a ‘throat’ of a wormhole forms at r = rT , each side of which geometry is described
by the metric (2.3) with appropriate mass function. For the metric (2.3) to have a ‘throat’ at
r = rT , its spatial part should have a coordinate singularity of the form grr ≈ g(1− rT /r)−1
with g > 0 where r is an areal radial coordinate3. We then find f(r) from Eq. (2.7), to get
f(r) ∝ g
w1
r
(r − rT )(1+w1)g−w1 .
At the wormhole ‘throat’, f(rT ) should take a finite value, hence the value of g to be
g ≡ lim
r→rT
(
1− rT
r
)
grr =
w1
1 + w1
> 0.
Therefore, a wormhole solution exists only when w1 < −1 or w1 > 0.4 Around the ‘throat’,
the mass function m(r) behaves as
m(r) ' rT
2w1
(
1 + w1 − r
rT
)
⇒ m′(rT ) = − 1
2w1
. (2.13)
2When w1 = −1 and w1 = −1/3 = w2, the TOV equation allows exact solutions as in Ref. [21, 22].
3Consider grr ≈ g(1 − rT /r)−β . When β < 1, 6= 0, the geometry must be singular [20]. When β ≥ 2, the
geometry at r = rT can be regular but the surface r = rT is located at infinity implying that the ‘throat’
is non-traversable. Therefore, to be a traversable, the value should satisfy 1 ≤ β < 2. However, when β is
non-integer, higher curvatures must have a singularity at r = rT . In this sense, we restrict our interest to
β = 1 case to find a nonsingular traversable wormhole.
4When w1 = 0 and g = 0, the spatial geometry does not form a ‘throat’ at rT . The solution for w1 = −1
was analyzed in Ref. [22] thoroughly in which no wormhole-like solutions were found.
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From this, one can see that the value of v ≡ m′(r) at the wormhole ‘throat’ is solely determined
by w15. Previous definition of vT (= −1/2w1) comes from this observation.
Based on the observation above, let us divide the wormhole ‘throats’ into two cases:
1. When w1 > 0 (vT < 0): the mass function decreases from rT /2 with r, meaning that
mass inside the region (rT , R > rT ) is ∆m = m(R) −m(rT ) < 0. The energy density
at the ‘throat’ takes a negative value ρ(rT ) = vT /4pir2T < 0.
2. When w1 < −1 (0 < vT < 1/2): the mass function increases with r and the density
takes a positive value. Therefore, if we use matter with positive energy density to weave
a wormhole ‘throat’, we cannot avoid phantom-like matter satisfying w1 < −1.
As we previously commented, we consider nonsingular solutions in which all quantities
are continuous throughout the entire spacetime. Thus, if necessary, solutions with a surface
layer or discontinuous energy of a hypersurface [18] can be obtained by cut and paste our solu-
tions with appropriate junction conditions. To express both sides of the ‘throat’ continuously,
one may introduce a new radial coordinate x around the ‘throat’,√
grr(r)dr = ±rTdx ⇒ ±x ' 2√g
√
r
rT
− 1, (2.14)
where we choose x = 0 at the ‘throat’ and ± for x ≷ 0, respectively. This gives
dm(x)
dx
=
dr(x)
dx
m′(r) =
−(1 + w1)
4w21
x.
Therefore, there is no singularity of density at the wormhole ‘throat’. Note that the existence
condition for a wormhole ‘throat’ is independent of the angular pressure.
3 Analysis for general solutions
The solution to the autonomous equation (2.10) can be denoted by an integral curve C on
the two dimensional plane (u, v). Hence, to sketch general properties of solutions we need to
closely look at the autonomous equation.
There are four interesting lines on which the denominator or the numerator is equal to
zero or equivalently, dv/du = 0 or du/dv=0. Characteristic features of those four lines are
plotted in Figs. 1 and 2.
We call the thick-red lines R1 and R2 on which only u changes its value (dv/du = 0)
and C crosses the lines horizontally:
R1: v = 0, R2: v − vT = s(u− 1). (3.1)
Energy density ρ ∼ v is zero on the line R1. Because R1 is horizontal, solution curves are
allowed to touch R1 only at a special points O(0, 0) and PE(1, 0).
We call the thick-black lines B1 and B2 on which only v changes its value (du/dv = 0)
and C crosses the lines vertically:
B1: u = 1, B2: u = 2v. (3.2)
5 One can confirm that all three solutions in Ref. [1] satisfy this relation. For the case that w1 depends on
r, w1 = w1(r) as in Ref. [23], one can show that m′(rT ) = −1/2w1(rT ).
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The line B1 represents a static boundary where grr changes its signature. Because the line B1
is parallel to the v axis, C is allowed to cross the line only through PE, where the subscript
E represents event horizon. Since we focus on static traversable wormhole solutions in this
work, we restrict our interests to the region with u ≤ 1. As will be shown later in this work,
a solution having a wormhole ‘throat’ does not have an event horizon, i.e., its solution curve
never crosses B1. Note that solution curves never become vertical or horizontal at the points
which are not on the lines R1, R2, B1, and B2.
The crossing points between the black lines and the red lines are
O(0, 0), PE(1, 0), PT
(
1, vT
)
, PB(2vB, vB), (3.3)
where vB ≡ 2w2/[(1 + w1)2 + 4w2]. O plays the role of an asymptotic geometry of r → ∞
for the wormhole spacetime. The point PT is a wormhole ‘throat’. The point PB represents
a point where all solution curves bounce back.
The radial dependence of a solution curve C on the (u, v) plane can be obtained from
dr
r
=
du
2v − u =
−1
1 + w1
1− u
v[v − vT + s(1− u)]dv, (3.4)
where the second equality comes from Eq. (2.10). The relation can be interpreted as:
• The radius increases/decreases with u when the curve is above/below the line B2, re-
spectively.
• The radius increases or decreases with v depending on many factors. They are the
signature of 1 + w1 and whether the curve is above or below the lines R1 and R2.
Hence, the region (u < 1, v) is divided into 7 regions maximally by the 3 lines, R1, R2 and
B2. The increasing direction of r varies region by region. The ‘cyan’ arrows in the figures in
this work denote the increasing direction of r. One can intuitively notice how the solution
(mass and density) develops as one moves from the ‘throat’ to the outside regions.
Type I Type II Type III
u
v
O
B2
R1
R2
B1
PT•
PE•
PB •
0.5↘
↖
↙
↗
u
v
O
B2
R1
R2
B1
PT•
PE•
PB•
0.5
↘
↗
↙
↖
u
v
O
B2
β
α
R1
R2
B1
PT•
PE•
0.5↗
↖
↖
↙
Figure 1. Classification of the autonomous equation for w1 < −1. The cyan arrows represent the
increasing direction of radial coordinate r. The direction changes based on the lines B2 and R2. The
red line R2 changes depending on the values of wi.
As an example, let us apply the above properties to the Type I and II of the Fig. 1.
Consider a solution curve which passes PT vertically. If it goes vertically upwards from PT the
solution curve C bends to the left following the arrow until the curve meets the line B2 or R2.
If it touches the line B2, the curve bends upwards and approaches the line B1 indefinitely.
This asymptotic behavior with v = m′(r)→∞ can be excluded as a physically viable regular
solution. By applying same consideration, one can figure out genuine solutions and double
check if the solutions follow the arrows.
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3.1 Analysis for w1 < −1
Let us first consider the case with w1 < −1. In this case, vT > 0. By means of the slope s of
the line R2, we divide the deployment of the points and the lines into three different types as
in Fig. 1,
I: s < 0
(
w2 > −1 + w1
4
)
, II: 0 ≤ s ≤ vT
(
0 ≤ w2 ≤ −1 + w1
4
)
, III: s > vT (w2 < 0).
For the Types I and II the point PB is in the region we are interested in(0 ≤ u < 1). For the
Type III, PB is located outside of the physical region. In Sec. 5, we display exact solutions
which belong to the types I and II.
Even though there is a wormhole throat, the solutions in the Type III does not have a
regular asymptotic region: Most of the solution curves allowing a wormhole ‘throat’ pass the
point PT with u ≤ 1 and tangent to the line B1 at the ‘throat’ except a symmetric solution
described in Sec. 3.3.2. Let us consider one of the curves. A solution curve may depart from
PT vertically upwards (increasing v, decreasing u) and downwards (decreasing u and v). As
one can see clearly from the arrows, the first one that starts from the region α continues
until it meets the line B2 and becomes vertical followed by entering the region β. Once a
solution curve enters the region β it goes upwards to a singular region v →∞ until the curve
becomes parallel to the line B1 (u = 1). The second one touches R2 at some point6, and
becomes horizontal there entering to the region α. In this region, v cannot decrease but only
increases until C meets the line B2. There, C becomes vertical again and enters the region β
and repeats the same behavior as above. In summary, both ends of C give infinity value of v,
implying singularities. Therefore, later in this work, we consider only the type I and II with
w2 ≥ 0.
3.2 Analysis for w1 > 0
Type IV Type V Type VI
u
v
OB2
R2
R1
B1
PT •
PE•
↘
↗ ↖
↖ ↙
u
v
O
B2 PB R2
R1
B1
PT•
PE•
↘
↗↘ ↖
↙
u
v
O
B2
R1
R2
B1
PT•
PE•↘
↖
↙ ↙
Figure 2. Classification of the autonomous equation for w1 > 0. The direction changes based on
the line B2, R1 and R2.
In this case, since vT < 0, the energy density near the wormhole ‘throat’ is negative.
There are three types:
IV: s > 0
(
w2 < −1 + w1
4
)
, V: vT ≤ s ≤ 0
(
−1 + w1
4
≤ w2 ≤ 0
)
, VI: s < vT (w2 ≥ 0).
6 If the curve C touches R1, it is possible only at PE in principle. This is not possible because the
autonomous equation implies that the solution is analytic. Putting the trial function u = 1 − κ|v|β with
κ|v|β  1 to Eq. (2.10) we get β = (−2w1)/(1 + w1) < 0. Therefore, the solution curve C never meet the
point PE but bounces for any value of κ 6= 0. This implies that event horizons will never be formed.
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We first show that the Type VI does not allow a regular wormhole solution as in the
Type III for w1 < −1. Let us consider a solution curve C passing PT vertically. Vertically
upward part of the curve becomes horizontal when it meets the red lines R1 or R2. As can
be understood in the figure, the curve will cross R2 before it meets O and becomes parallel
to the u axis. Then, by similar consideration above (when w1 < −1), the solution curve after
crossing the line R2 goes to the region (u, v)→ (−∞,−∞). Vertically downward part of the
curve at PT cannot be a parallel to the v = 0 line because it never meet a red line. Again,
the curve goes to the region (u, v) → (−∞,−∞). In this case, a space-time singularity will
form there.
On the other hand, for the type IV, the vertically upward part of C can approach O,
hence some solutions follow the path. The vertically downward part of C can meet R2 and
becomes parallel and the value v starts to increase. In that case, some curve can also approach
the point O. Therefore, there are possibilities that both ends of a solution curve finish at O,
forming regular asymptotic regions. Similar analysis for the type V leads that only upward
curves have a possibility to approach O, to form a regular solution.
To summarize, we are mainly interested in the cases with Type I, II, IV, and V. For all
the cases, w1w2 < 0 is satisfied. Therefore, isotropic fluid fails to form a regular wormhole
spacetime.
3.3 behaviors around important points
To have clear pictures, we study properties of solutions around a few important points. One
of them is O which represents asymptotic limit (r →∞) for the types I, II, IV and V. Other
important points are PT and PB, representing a wormhole ‘throat’ and the bouncing point,
respectively.
3.3.1 The asymptotic behavior around O
Let us first search for the behavior of C around the point O(0, 0). Because |u|, |v|  1 around
O, Eq. (2.10) can be approximated as
u′(v) = α
(u
v
− 2
)
, α = − w1
2w2
. (3.5)
Solving the equation gives
u =

2α
α−1v + qv
α (α 6= 1),
−2v log |v|+ q′ v (α = 1),
(3.6)
where q and q′ are integration constants. Because we are interested only in w1w2 < 0 case,
the constant α takes positive value (α > 0)7. The solution curve of a regular wormhole should
not end in the region u → −∞ or v → ∞. Thus, both ends of a solution curve should be
located at O. In this sense, the point O plays the role of an asymptotic infinity.
In Eq. (3.6), when α > 1, the linear behavior dominates since vα  1. When 0 <
α < 1, the power law behavior (the vα term) dominates. When α = 1, the solution takes
u ∼ −2v log |v| behavior.
7It is to be noted that when α < 0, Eq. (3.6) implies that the solution curve never passes the point O
unless q = 0. Therefore, only linear behavior exists at O.
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For w1 < −1 and −2w2 = 1 +w1, we have α = 1 + 1/2w2 > 1 since w2 > 0. This means
the linear behavior is favored. We present an exact solution later in Eq. (5.1). On the other
hand, when 0 < w1 < −2w2, the power law behavior is a favored for q 6= 0 and the exact
solution (5.1) is not a favorable behavior around the origin.
The radius can be expressed in terms of v as
r = r0v
−α,
where r0 is a constant. The mass function at r becomes
m(r) =
ur
2
=
r0
2
[
q − 2α
1− α
( r
r0
)(α−1)/α]
. (3.7)
This mass function approaches a finite value qr0/2 asymptotically only when 0 < α < 1
(−2w2 < w1 < 0 or 0 < w1 < −2w2). When α ≥ 1 (0 < w2 ≤ −w1/2), the mass function
diverges.
The gtt part of the metric is constant around O,
f(r) = f0
(
r
r0
) 4w2
1+w1
(
v
v0
)− 2w1
1+w1 ≈ f0 (v0)
2w1
1+w1 = constant,
where we use Eq. (2.8) with the relation v = 4pir2ρ. The density becomes
ρ =
v
4pir2
=
1
4pir20
(r0
r
)2−2w2/w1
.
3.3.2 Behavior of around a wormhole ‘throat’ PT
Let us search for the behavior of a solution curve C around the ‘throat’ PT(1, vT ). By using
the trial function 1−u = κ|v− vT |β around u ∼ 1, we find that Eq. (2.10) allows a quadratic
and a linear behaviors for C,
i) The asymmetric solution β = 2, u = 1− κ(v − vT )2, (3.8)
ii) The symmetric solution β = 1, u = 1− s−1(v − vT ), (3.9)
where κ represents an arbitrary real number and s is given in Eq. (2.12). Here ‘asymmet-
ric’/‘symmetric’ implies that the geometric structure is asymmetric/symmetric with respect
to the inversion relative to the throat, respectively.
For the case i), the radius takes the form,
r ≈ rT
[
1 +
w1κ
1 + w1
(v − vT )2
]
. (3.10)
Therefore, r takes minimum value at v = vT when κ > 0. As will be shown in the numerical
plot, the symmetric solution appears as a large κ limit of the asymmetric solution. The
example of the exact time-symmetric solution will be given in Eq. (5.1) when 1+w1+2w2 = 0
i.e. s = −vT .
It appears that u, v and du/dv are continuous at PT for solution curves with different
κ. Therefore one should check whether solutions with different κ can be attached smoothly
to form a proper wormhole solution or not. To answer this question, let us calculate the
extrinsic curvatures for both cases. As in Ref. [18] we divide a wormhole spacetime into two
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regions and denote Σ+,Σ− as the hypersurfaces at r = rT in each side of the throat. Then
in our coordinate, the extrinsic curvatures are
K±ab =
1
2
∂g±ab
∂r
, a = t, θ, φ. (3.11)
Since Kθθ,Kφφ have the same values on both sides, we consider Ktt only here. From the
metric Eq. (2.3) and the form of gtt in Eq. (2.8), we have
Ktt = −1
2
df
dr
=
(
− 2w2
1 + w1
1
r
+
w1
1 + w1
1
v
dv
dr
)
f(r). (3.12)
By using Eq. (3.4) and the above relations (3.8),(3.9), the Ktt behaves as
Ktt =

(
1
2 − w1κ(v−vT )
)
f(rT )
rT
, β = 2,(
1 + 2w21+w1
)
f(rT )
rT
, β = 1.
(3.13)
Thus for β = 1 case, two solutions can be attached smoothly. However, for β = 2 case,
the boundaries form a ‘surface layer’ where K+ab 6= K−ab, they cannot be attached without a
junction condition unless they have same κ.
3.3.3 behavior around the bouncing point PB
Let us approximate the differential equations (2.10) and (3.4) around PB. After setting
u = uB + x and v = vB + y, they can be written as, to the linear order in x and y,
d
d log r
(
x
y
)
=
( −1 2
(1− γ)s γ − 1
)(
x
y
)
, γ ≡ 1− 2w2
1 + w1
=
3
2
+ w1s > 0. (3.14)
Defining new variables X± = y − γ±
√
γ2+8s(1−γ)
2s(1−γ) x, Eq. (3.14) is reduced to a diagonal form,
dX±
d log r
= ±X±; ± =
−2 + γ ∓√γ2 + 8s(1− γ)
2
. (3.15)
Note that the term in the square-root is
D ≡ γ2 + 8s(1− γ) = w1(w1 − 8)(s− s+)(s− s−), (3.16)
where
s± =
4− 3w1 ± 4
√
1 + 3w1
2w1(w1 − 8) . (3.17)
If D < 0, the eigenvalues ± have imaginary parts and the solution curve C has a spiral
behaviors asymptotically as depicted in Ref. [24]. In our case, this never happens. The proof
is the following:
• w1 < −1
Interpreting D as a quadratic function of real number s, one can find that D = 0 does
not have a real valued solution. In other words, s± are imaginary. Hence D is always
positive because w1(w1 − 8) > 0. Therefore, when w1 < −1, one never gets a ‘spiral’
solution.
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• w1 > 0. In this case, s± are real numbers.
1. 0 < w1 < 8, (s+ < s−): In order for D > 0, s should satisfy s+ < s < s−. As seen
in Fig. 2, the point PB is in a physical region only for the type V, which restricts
vT ≤ s ≤ 0. At the present case, s+ < vT and s− > 0. Therefore, D is positive
definite.
2. w1 = 8: In this case, D = 0 and the eigenvalues are real-valued with + = −.
3. w1 > 8, (s− < s+): In order for D > 0, s < s− or s > s+. Since physical region
of s is (vT , 0), in order to avoid the ‘spiral’ curve, (s−, s+) ∩ (vT , 0) needs to be
an empty set. One can show that s+ < vT for w1 > 8. Consequently, the ‘spiral’
curve never happens.
Since we always have D > 0, the curve C in the (X+, X−) coordinates satisfies
X± = X±,0
(
r
rB
)±
→ X−
X+
=
X−,0
X+,0
r−
√
D, (3.18)
where X±,0 is an integration constant. In other words, as r increases towards rB, the curve
changes gradually (not oscillating) to the limit (X−,0/X+,0) r−
√
D
B .
This gives X+/X+,0 = (X−/X−,0)+/− . For types I, II and V, where ± are real,
+− =
2w2
w1
(
1 +
4w2
(1 + w1)2
)
< 0.
This implies that every solution curve follows in along one of the X± and follows out the
other axis without touching the point PB. Note that for the type IV, the bouncing point is
located outside of the region we are interested in.
4 Numerical solutions
In this section, we display numerical solutions of the Einstein’s equation (2.10) on the (u, v)
plane to show behaviors of solutions.
4.1 w1 < −1 case
A regular wormhole solution made of an anisotropic matter with non-negative energy density
exists only for the Type I, where w1 < −1 and w2 > −(1 + w1)/4. A well-localized solution
having finite total mass exists when w2 > −w1/2. Therefore, we restrict our interests only to
this situation.
1. Symmetric Solution: The blue curve in Fig. 3 corresponds to the linear behavior ii) at
PT in Eq. (3.9). The curve represents half of the wormhole solution from the ‘throat’
at PT to an asymptotic region at O. The other half of the wormhole can be added by
duplicating the curve.
2. Asymmetric Solution: The gray curve presents a solution curve corresponding to a
regular wormhole. In this case, the geometry of the wormhole is not symmetric with
respect to the ‘throat’. Any curve which begins at PT and ends at O represents half
of the spacetime including a ‘throat’ and an asymptotic region. In the lower part of
the gray curve, the value of u monotonically decreases and forms an asymptotically flat
– 11 –
uv
O
AS
PT•
↗
↖
↙
Figure 3. Numerical solutions for the Type I with w1 = −2 and w2 = 1.5.
region at O. While, for the case of the solution curve corresponding to the other half,
u bounces back around PB and decreased. Then, it also forms the other asymptotically
flat region at O.
3. Solution with one asymptotic region: Two ends of the black curve go into the region O
and v →∞, respectively. The wormhole ‘throat’ is located at PT. Following the upper
part of the black curve, the radius increases to a finite value as v → ∞. Therefore, a
singularity of density exists.
4.2 w1 > 0 case
In this case, the energy density is negative definite. A regular wormhole solution exists only
for the Type IV, where w2 < −(1 + w1)/4. A well localized solution having finite total mass
exists when 0 < w1 < −2w2. Therefore, we restrict our interests only to this situation.
u
v
O
PT•
↗
↙
↖
Figure 4. Numerical solutions for the type IV with w1 = 2 and w2 = −3.
1. Symmetric Solution: The blue curve in Fig. 4 corresponds to the linear behavior ii) at
PT in Eq. (3.9). The curve represents half of the wormhole solution from the ‘throat’
at PT to an asymptotic region at O. The other half of the wormhole can be added by
duplicating the curve.
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2. Asymmetric Solution I: The gray curve presents a solution curve corresponding a regular
wormhole in which the mass takes positive values in all the spacetime. In this case, the
geometry is not symmetrical around the ‘throat’.
In the upper part of the gray curve, the value of u monotonically increases and forms an
asymptotically flat region at O. While, for the case of the solution curve corresponding
to the other half, u decreases at the beginning but bounces back to increase. Then, it
also forms the other asymptotically flat region at O.
3. Asymmetric solution II: Two ends of the black curve go into the point O. In this case,
one end of C approach O from the negative value of u. Therefore, the mass function
becomes negative in this region. Only the asymptotic behaviors around the point O is
different from the first case.
5 Exactly solvable cases
Even though one cannot find a general solution of Eq. (2.9) it is still possible to find a
few new specific solutions. In this section, we present two exact solutions for the cases
w2 = −(1 + w1)/2 and w2 = −(1 + w1)/4.
5.1 Specific solution for the case 1 + w1 + 2w2 = 0
First, we present a specific solution for the matter which is marginal to the strong energy
condition ρ+
∑
i pi ≥ 0. That is, when ρ+
∑
i pi = (1 +w1 + 2w2)ρ = 0, Eq. (2.9) permits a
solution. In this case, the slope s = 1/2w1 = −vT .
Now, one can readily check that Eq. (2.10) allows a linear solution curve
v = vTu. (5.1)
In fact, one of the solution found in Ref. [1] is a special case of this when w1 = −2. This
linear solution plays an important role in analyzing the solution space of Eq. (2.10).
The radius and density behaves as
r = rT
(
v
vT
)−w1/(1+w1)
, ρ =
v
4pir2
=
vT
4pir2T
(rT
r
)3+1/w1
. (5.2)
At the point O(0, 0), the radius diverges to form a regular asymptotic region. At the point
r = rT , it forms a wormhole ‘throat’ at v = vT . The mass function becomes
m(r) =
ru
2
=
rT
2
(
r
rT
)− 1
w1
.
Therefore, as r →∞, the total mass inside r becomes divergent/zero when w1 ≶ 0. The metric
function f(r) = f0 is independent of r. The metric function grr = [1 − (rT /r)(1+w1)/w1 ]−1
linearly diverges as r → rT , which is a signature of the wormhole ‘throat’. For w1 > 0, the
mass monotonically decreases from rT /2 to zero as r →∞.
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5.2 Various solutions for case 1 + w1 + 4w2 = 0
A new wormhole solution exists in this case. The strong energy condition will be violated
for w1 < −1 because 1 + w1 + 2w2 = −2w2 < 0. Since the slope s = 0, the denominator of
Eq. (2.10) has no u dependence and the equation is integrable exactly to give
u = 1−
(
1− vvT
)2
1 + 2w11−w1
(
v
vT
)
− c1 1+w11−w1
(
v
vT
) 2w1
1+w1
. (5.3)
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
-0.5 0.0 0.5 1.0-1.0
-0.8
-0.6
-0.4
-0.2
0.0
u
v
O u
v
O
Figure 5. Various solution curves with c1 > 1 for (w1, w2) = (−2, 1/4) (Left) and (2,−3/4) (Right).
Here c1 = 1.001, 1.1, 1.5, 2, and 4, respectively for red, black, gray, blue, and green curves. Every
solution curves with c1 > 1 pass the point (u, v) = (1, vT ) where a wormhole ‘throat’ forms.
The characteristic behaviors of the solution curves with c1 > 1 are given in Fig. 5 in
which w1 = 2 and −2, respectively for the left and the right panels. We neglected the curves
with c1 ≤ 1 because they do not contain a wormhole ‘throat’. For both the cases, one end
of the solution curves finishes at O, which corresponds to an asymptotic infinity at r → ∞.
The other end finishes at v →∞ or (u, v)→ (−∞,−∞), respectively for w1 < −1 or w1 > 0,
where a singularity forms.
Let us observe the behaviors of the solutions in detail. Around v = vT , it becomes, for
c1 ≥ 1,
u ≈ 1 + 4w
2
1
(c1 − 1)
1− w1
1 + w1
(v − vT )2, c1 > 1; u ≈ − 1
w1
− 2(v/vT − 1)
3w1
, c1 = 1.
Therefore, Eq. (5.3) presents a relevant wormhole ‘throat’ when c1 > 1 because u ≤ 1 in this
case. On the other hand, when c1 = 1, the curve does not pass the point (u, v) = (1, vT ), the
‘throat’. Incidentally, the value of κ in Eq. (3.8) is related with c1 by
κ =
4w21
1− c1
1− w1
1 + w1
.
Around O, the asymptotic region, u behaves as
u ≈

2
1−w1
v
vT
, |w1| > 1,
−c1 1+w11−w1
(
v
vT
) 2w1
1+w1 , 0 < w1 < 1,
v
vT
log c1vvT , w1 = 1.
(5.4)
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When |w1| > 1, the linear behavior dominates. On the other hand, when 0 < w1 < 1,
polynomial behavior dominates.
The radius can be obtained by using Eqs. (2.10) and (3.4):
r = rT
(
v
vT
)− 2w1
1+w1 1− w1
(1 + w1)(1− c1)
(
1 +
2w1
1− w1
v
vT
− c1 1 + w1
1− w1
( v
vT
) 2w1
1+w1
)
. (5.5)
The radius takes its minimum value rT at the ‘throat’ v = vT . As v decreases, the radius
goes to infinity at v = 0. On the other hand, as v → ∞ it increases to a local maximum
value rT /(c1 − 1) or goes to infinity as r → r+/(1− c1)× (2w1/(1 +w1))(v/vT )(1−w1)/(1+w1),
respectively for |w1| > 1 or 0 < w1 < 1.
The mass function behaves as
m =
ur
2
=
rT
(1− c1)(1 + w1)
(
v
vT
) 1−w1
1+w1
[
1− 1− w1
2
v
vT
− c1 (1 + w1)
2
( v
vT
)− 1−w1
1+w1
]
. (5.6)
For w1 < −1, the mass function has a divergent value for large r (v → 0). This is a signature
of the instability of the wormhole ‘throat’. The mass decreases to m(vT ) = rT /2 and then
bounces back to increase to a finite value m(v → ∞) = rT c1/2(c1 − 1). For w1 > 1, the
mass diverges at v → 0. On the other hand, for 0 < w1 < 1, it goes to a constant value
m(v = 0) = rT c1/2(c1 − 1).
The gtt part of the metric function from Eq. (2.8) becomes
f(r) = f0
(
r
r0
) 4(w2−w1)
1+w1
(
ρ
ρ0
)− 2w1
1+w1
= f0
(
r
r0
) 4w2
1+w1
(
v
v0
)− 2w1
1+w1
. (5.7)
One may also check the two formula for f(r) in Eqs. (2.7) and (2.8) present the same result.
Although the two exact solutions discussed in this section have deficits of their own,
they provide good insights on the general solution space.
6 Special Solutions
6.1 Perturbative solution for 1 + w1 + 2w2 = 0 case
Around the exact solution v = vTu when s = −vT = 1/2w1, we can find a nearby solution
by setting
v = − u
2w1
+ δv(u),
Equation (2.10) becomes
d
du
δv =
[
w1
(1 + w1)u
− 1
2(1− u)
]
δv.
Solving this equation gives
v = − u
2w1
+ δv = − u
2w1
+ δv0 · (1− u)1/2uw1/(1+w1), δv0  1. (6.1)
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For w1 < −1, the solution is valid over all the region with 0 ≤ u ≤ 1. On the other hand,
when w1 > 0, the solution may not valid around u . |δv0/vT |1+w1 . In this case the solution
around u ∼ 0 is given in Eq. (3.6),
u
v
= −2w1
[
1 + q(−2w1v)−1/(1+w1)
]
|v|  |vT |, (6.2)
The two solutions should be matched in the region |2w1δv0|1+w1  u  1. Matching v/u
gives,
−2w1v
u
≈
(
q
2w1δv0
)1+w1
⇒ q = 2w1δv0,
because v/u ≈ −1/2w1 in this region. The radial coordinate relation (3.4) becomes
dr
r
=
du
2v − u ≈ −
w1
1 + w1
du
u
− w
2
1δv
(1 + w1)2
du
u2
,
where δv0  1 is assumed in the second equality. This gives
log
r
rT
=
1
2vT − 1 log u+
2δv0
3(2vT − 1)2 (1− u)
3/2
2F1
(
3
2
,
w1 + 2
w1 + 1
,
5
2
, 1− u
)
.
6.2 Limiting solution for |s|  1
One can rewrite the TOV equation (2.10) as
du
dv
=
−1
1 + w1
(
2v − u
v
)
1− u
v − su− vs , vs ≡ vT − s =
2w2
w1(1 + w1)
(6.3)
One can see that when the value of s is large, the value of vs is also large. One can rewrite
vs as
vs ≡ −as, a ≡ 4w2
1 + w1 + 4w2
. (6.4)
Now, the TOV equation can be rewritten as a series of s−1
du
dv
=
−1
1 + w1
(2v − u)(1− u)
v[v − s(u− a)]
= −α
(
2v − u
v
· 1− u
1− u/a
)[
1 +
v
a− us
−1 + · · ·
]
, (6.5)
where α = 1/(1 + w1)as = −w1/2w2 was defined in Eq. (3.6). The general behavior of the
0th order solution is the same as that of the solution around O given in Eq. (3.6).
u = − 2α
1− αv + qv
α, (6.6)
where q is an integral constant. For a solution curve to pass the point O, we should take
α > 0 because vα →∞ when α < 0. Note that when α is given, the trajectories are classified
by q only.
In Fig. 6, characteristic picture of the limiting solution is given. The blue curve represents
a regular wormhole solution which is symmetric with respect to the ‘throat’. As seen in the
figure, the curve gradually decreases to O with r.
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Figure 6. Characteristic picture of limiting solution of Type I with w1 < −1.
The gray curve in Fig. 6 represents an asymmetric wormhole solution which is regular
over the whole spacetime when w1 < −1. Considering the upper half of the curve starting
from the point PT, the value of v increases to a maximum value at PM and then decreases to
zero as one approaches the asymptotic region. Let the coordinates of PM be (um, vm). Then
we have
dv
du
∣∣∣∣
m
= 0, vm = s(um − a), a ≡ 4w2
1 + w1 + 4w2
. (6.7)
Let us introduce a new coordinates (x, y) around PM as u ≡ um + x, v ≡ vm + y. Then
Eq. (2.10) can be approximated for small |x|, |y|  1 and |y|  |sx| to be
dy
dx
= −cm
[
x+
(
1
1− um +
1
2vm − um
)
x2 + · · ·
]
⇒ y = −1
2
cmx
2 +O(x3), (6.8)
where
cm =
∣∣∣∣ (1 + w1)svm(1− um)(2vm − um)
∣∣∣∣ = ∣∣∣∣ aα vm(1− um)(2vm − um)
∣∣∣∣ . (6.9)
The solution curve has approximately quadratic form around PM, y = −12cmx2. As one moves
farther from the maximum point, the curve takes higher order functions of x.
When |s| becomes large, the line R2 approaches the line B1 and a→ 1, 1−um → 0. For
the asymmetric solution, the maximum point PM goes near the bouncing point PB (2vm −
um → 0). That is, cm → ∞. This means the solution curve becomes very steep and narrow
as |s| → ∞ as shown in Fig. 6. Hence, in the limit, the derivative of an asymmetric curve is
discontinuous at PM. As um → 1, the curve mostly can be divided into the left part and the
right part of PM.
Solution curves around O are under the line B2 (v < u/2). Thus to meet PM or PT,
derivative of the solution takes only positive value:
dv
du
=
1
2α
α−1 + αqv
α
=
v
α(u− 2v) > 0, (6.10)
for positive v. Therefore the type of solution (6.6) either can be extended to meet symmetric
solutions (to PT) or to meet the left part of the asymmetric solutions (to PM) depending on
the values of α and q.
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7 Summary and Discussions
We have classified static spherically symmetric wormhole solutions consist of an anisotropic
matter throughout the entire spacetime and studied necessary conditions for nonsingular
wormholes to exist. In the process, we found a few exact solutions in special configurations.
We also presented wide variety of solutions by studying the properties they generally have.
The behavior of wormhole geometry and physical quantities around important points such as
the ‘throat’, the bouncing point and the asymptotes have been studied. Numerical solutions
have also been presented to give insights about the behaviors of general solutions.
An anisotropic matter of the limit w1 ≡ p1/ρ→ −1, resembles the stress tensor of radial
electric field which may be used to produce a charged wormhole in Ref. [3]. This corresponds
to the |s| → ∞ limit which we analyzed in Sec. 6.2. From the asymptotic form of the solution
in Eq. (6.6), the part of the solution near maximum v in Eq. (6.8) and the numerical solution,
one can figure out how the solution behaves. However, we observed that there is no wormhole
solution when w1 = −1. One may ask the case that corresponds to a charged wormhole
solution, for example, that in Ref. [3]. There, the energy density and the pressure are given
by
ρ = ρ(0) + ρ(1),
p1 = p
(0)
1 + p
(1)
1 , (7.1)
where (ρ(0), p(0)1 ) are those of non-charged wormhole solution and (ρ
(1), p
(1)
1 ) are the charged
dressing,
ρ(1) = −p(1)1 =
Q2
8pir4
, (7.2)
where Q is the electric charge. As one can see in the above equation (7.1), p1 6= −ρ or
w1 6= −1 unless ρ(0) = p(0)1 = 0. As the authors pointed out in the paper, it corresponds
to the b(r) = 0 case in the reference. and the spacetime becomes the Reissner-Nordström
solution.
One may also use our solutions to make a new solution which use exotic matter minimally.
In the vicinity of the ‘throat’, the truncated solution of us can be matched with a Schwarzschild
one outside with appropriate junction conditions [18]. Stability of wormholes has also been
studied in part in the context of general relativity recently [25, 26]. Though the studies are
not yet complete, it was shown that the Ellis type wormhole can be stable at least. As the
stability of a black hole made physicist to consider black hole seriously, we expect the stability
of a wormhole do the role.
Most studies of wormhole concentrate on finding a solution of the gravitational field
equations. Recently the exact form of entropy function S(r) for a self-gravitating anisotropic
matter was obtained [27]. When a wormhole is made of an anisotropic matter of radius R
and the ‘throat’ radius is B, the entropy is given by a sum of S1(R)− S1(B) in one side and
S2(R)− S2(B) in the other side of the wormhole. Though there have been a few studies, the
wormhole thermodynamics, should be addressed to have more clear picture.
In this work, we cannot avoid the use of exotic matter because we are based on the
general relativity. The extension of the analysis to a modified theory of gravity is admirable.
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